We report formulas for the joint moments of the determinantal products (det ρ) k (det ρ P T ) κ (k = 0, 1, 2, . . . , N ; κ = 1, . . . , 12) of Hilbert-Schmidt (HS) probability distributions over the generic tworebit and two-qubit density matrices ρ (κ = 1, . . . , 4). Here P T denotes the partial transposition operation of quantum-information-theoretic central importance. Each formula is the product of the expression for the HS moments of (det ρ) k , k = 0, 1, 2, . . . , N -special cases of results of Cappellini, Sommers andŻyczkowski (Phys. Rev. A 74, 062322 (1996))-and an adjustment factor. The factor is a biproper rational function, with its numerators and denominators both being 3κ-degree polynomials in k. We infer the structure that the denominators follow for arbitrary κ in both the two-rebit and two-qubit cases, and the six leading-order coefficients of k of the numerators in the two-rebit scenario. We also commence an analogous investigation of generic rebit-retrit and qubit-qutrit systems. This research was motivated, in part, by the objective of using the computed moments to well reconstruct the HS probabilities over the determinant of ρ and of its partial transpose, and to ascertain-at least to high accuracy-the associated (separability) probabilities of "philosophical, practical and physical" interest that (det ρ P T ) > 0.
We begin our investigation into certain statistical aspects of the "geometry of quantum states" [1, 2] by noting the two following special cases-which we will extend below-of the general formulas [3] [eq. 
k = 0, 1, 2, . . . The bracket notation is employed by us to denote expected value, while ρ indicates a generic (symmetric) two-rebit or generic (Hermitian) two-qubit (4 × 4) density matrix. The expectation is taken with respect to the probability distribution determined by the Hilbert-Schmidt/Euclidean/flat metric on either the 9-dimensional space of generic two-rebit or 15-dimensional space of generic two-qubit systems [1, 4] .
We report below sixteen (twelve two-rebit and four two-qubit) non-trivial extensions of these formulas, involving now in addition to |ρ|, the quantum-theoretically important determinant |ρ P T | of the partial transpose of ρ. (The nonnegativity of |ρ P T |-by the celebrated Peres-Horodeccy results [5] [6] [7] -constitutes a necessary and sufficient condition for separability/disentanglement, when ρ is either a 4 × 4 or 6 × 6 density matrix.) At this point of our presentation, we note that three of these extensions are expressible-incorporating on their right-hand sides the two formulas above-as |ρ| k |ρ P T | 2−rebit/HS = (k − 1)(k(2k + 11) + 16) 32(k + 3)(4k + 11)(4k + 13) |ρ| 
These three formulas were, first, established by "brute force" computation-that is calculating the first (k = 0, 1, 2, . . . , 15 or so) instances, then employing the Mathematica command FindSequenceFunction, and verifying any formulas generated on still higher values of k. (Initially, although we had the specific values of |ρ| k |ρ P T | 3 2−rebit/HS for k = 0, . . . , 13, and similarly for |ρ| k |ρ P T | 4 2−rebit/HS , we were not able to determine, in the same manner, encompassing expressions for them.)
As a special case (k = 1) of (3), we obtain the rather remarkable moment result, zero, already reported in [8] . The immediate interpretation of this finding is that for the generic two-rebit systems, the two determinants |ρ| and |ρ P T | comprise a pair of nine-dimensional orthogonal polynomials [9] [10] [11] with respect to Hilbert-Schmidt measure. (C. Dunkl has kindly pointed out that orthogonality here does not imply zero correlation.) In addition to this first (k = 1) HS zero-moment of the ("equally-mixed") product variable |ρ||ρ P T | in the two-rebit case, we had been able to compute its higher-order moments, k = 2, . . . , 6.
(The results for k = 2 can be obtained by direct application of (4 These five further moments of |ρ||ρ P T |, k = 2, . . . , 6, are all rational numbers. T If we take the ratios of these first six moments of |ρ||ρ P T | to the first six even moments given by (1) , that is the values |ρ| 2k 2−rebit/HS , k = 1, . . . , 6, we obtain the rather succinct sequence, (As to the two-qubit counterpart of this sequence, we had so far only been able to compute its very first term-turning out, quite remarkably, to be the negative value − .)
Since these ratios (6) are so comparatively simple, it suggested to us that we might be more able to progress in a series of analyses [12] [13] [14] [15] [16] [17] [18] [19] (mainly devoted to the determination of separability probabilities), by making our initial goal the computation of these ratios for still higher-order moments-rather than the direct computation of the very small values, having lengthy multi-digit denominators, of the moments (|ρ||ρ P T |) , can be obtained by directly setting k = 0 in (3) and (4), respectively. However, to this point, we have not found any associated similarly compact sequences of moment ratios, as above.) Accordingly, in Fig. 1 , we display the sequence of ratios (Simply as an indicator of accuracy of these computations, the nu-
The six-member two-rebit HS exact moment ratio sequence (6), supplemented by its numerical continuation, using extended-precision (60-digit) arithmetic. Three hundred and twenty million random density matrices were employed.
merical estimates yielded by this procedure of the six-member exact sequence (6) were {−0.0002052822, 1.426286, 0.4359643, 1.194784, 0.7175908, 1.055326}.) Similarly, in , we were initially able to exactly compute, and the remaining ninety-nine, numerically, using extended-precision.
If we are, at some point, in the course of these extended analyses, able to develop formulas explaining the full sequences of ratios in the two-rebit and two-qubit cases, we should be able to reconstruct the Hilbert-Schmidt univariate probability distributions over the product
. From such reconstructed distributions, HS separability probabilities should be determinable to high accuracy.
For the further edification of the reader, we present in Fig. 3 a contour plot of the joint Hilbert-Schmidt (bivariate) probability distribution of |ρ| and |ρ P T | in the two-rebit case, and in 2 ) having initially been exactly known, and the next ninety-nine computed numerically, using extended-precision (60-digit) arithmetic. Twenty-four million random density matrices were employed. and |ρ P T | in the two-qubit case. Six hundred million random density matrices were employed.
possible-of the joint domain of |ρ| and |ρ P T |.)
These last three figures are based on Hibert-Schmidt sampling (utilizing Ginibre ensembles [3] ) of random density matrices, using 10, 000 = 100 2 bins. In regard to the two-qubit plot, K.Żyzckowski informally wrote: "A high peak in the upper corner means that: a) a majority of the entangled states is 'little entangled' (small det(ρ T )) or rather, they are 'close'
to the boundary of the set, so one eigenvalue is close to zero, and the determinant is small; b) as det(ρ) is also small, it means that these entangled states live close to the boundary of the set of all states (at least one eigenvalue is very small), but this is very much consistent with the observation that the center of the convex body of the 2-qubit states is separable (so entangled states have to live 'close' to the boundary). Similar reasoning has to hold in the real case as well."
At a later point in our investigation, we realized that we might make further progressdespite limitations on the number of moments we could explicitly compute-by exploiting the evident pattern followed by our newly-found formulas (3) and (4)-in particular, the structure in their denominators. This encouragingly proved to be the case, as we were able to establish that where
and B 3 = 32768(k + 3)(k + 4)(k + 5)(4k + 11)(4k + 13)(4k + 15)(4k + 17)(4k + 19)(4k + 21). (9) So, it is now rather evident that we can write for general non-negative integer κ,
where both the numerator A κ and the denominator B κ are 3κ-degree polynomials (thus, forming a "biproper rational function" [20] ) in k (the leading coefficient of A κ being 2 κ ), and
where the Pochhammer symbol (
still, moving upward to the next level (κ = 4), we have determined that (3), (4), (7) and (12), we see that the constant terms in the 3κ-degree numerator A κ are −16, 4860, −3612816 and 6610161600 for κ = 1, 2, 3, 4. Since we had previously computed [8] [eqs, (33)- (41)] the moments of
. . , 9, we are also able to determine the next five members of this sequence {−16, 4860, −3612816, 6610161600}. However, no general rule for this sequence, which would directly allow us to obtain a formula for |ρ P T | κ 2−rebit/HS , has, to our disappointment, yet emerged for them. (With such a rule, we could address the separability probability question through the reconstruction of a univariate probability distribution.)
A simple algebraic exercise involving (1) shows that if we multiply the conversion factor 
by the rational function factors
Aκ Bκ
found above that applied to |ρ| κ 2−rebit/HS yield (|ρ||ρ P T |) κ 2−rebit/HS , we obtain the κ-member of the sequence of moment ratios (6) . Since the members of this sequence appear (Fig. 1) to asymptotically approach 1 (our numerical estimate for the 100-th term is 1.001542), it would seem that the conversion factor c and Bκ Aκ asymptotically approach one another.
Certainly, it would be of interest to conduct analyses parallel to those reported above for metrics of quantum-information-theoretic interest other than the Hilbert-Schmidt, such as the Bures (minimal monotone) metric [1, 21] . The computational challenges involved, however, might, at least in certain respects, be even more substantial. 
for κ = 9. 
for κ = 10 
for κ = 11, 
(We are presently attempting extensions to the cases κ = 13, 14.) The leading (highestorder) coefficients in the twelve sets of two-rebit results immediately above are expressible in descending order as
From these four formulas, we are able to reconstruct (κ = 1) all four entries in the first column of (16) . Thus, it appears that, in general, C 3κ−i is a polynomial in κ of degree 2(i+1).
(For i = 3κ − 1, we obtain the constant term, of strong interest. With the knowledge of only this term, and none of the other coefficients, we can obtain |ρ P T | κ 2−rebit/HS .) Further, we have found that 
Of course, the leading coefficients C 3κ+1 of all four numerators are 1, so they are monic in character, while the next-to-leading coefficients fit the pattern C 3κ = 3κ(κ + 3)/2.
With our expanded computations-pursuing the Cholesky-decomposition ansatz of Dunkl- we are now able to quite substantially extend the sequence (6) to Consider D = det P where P is a random positive definite 4 × 4 matrix, trace 1. We have (expectation) for n = 0, 1, 2, . . .
